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1. Why the period of a generator should be very long 
Let us start with a simple informal remark. If Q points are distributed in [0, llN as dense as P 
points are distributed in [0, 11, then one should have Q = PN. Points in Figs. l(a) and l(b) are 
distributed “with the same density”. Or, Q points are uniformly distributed in [0, l] N as dense as 
P = Q1lN points are uniformly distributed in [0, 11. For some more formal considerations in 
terms of discrepancy, see [6], especially Section 2.2. 
Now, let P be the period of a generator X = (xk: k 2 1), xk E (0, l), x~+~ = xk, k = 1, 2,. . . . 
Suppose that to perform a calculation, N consecutive numbers of X are used, n < P. This 
amounts to using one point in [0, llN. The generator X gives us P different points in [0, llN to 
our disposal. To have an acceptable representation of the cube [0, llN by one (random) point we 
should choose the point from a set which is sufficiently dense in this cube. It appears that even 
for moderate N, P should be astronomically large. E.g., for P = 240 (rather typical) and N = 20 
(which is rather unrealistically small) we observe that 240 points fill the cube [0, l]*’ as dense as 
only 4 points fill the unit interval [0, 11. But what we need in real computations is N equal to 
thousands rather than tens. 
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Typical generators based on reccurence x,, i = F( x,),. like the celebrated multiplicative 
congruential generator, are periodic, and the period is, roughly speaking, limited by the length of 
registers of the computer. 
There are some well-known aperiodic sequences: equidistributed sequences (in the sense of 
Weyl). The problem is that the truncation of equidistributed numbers to a finite number of 
significant digits may yield a sequence which is periodic. 
In what follows, we start with an equidistributed sequence in [0, 11 and show that, when 
rounding off the consecutive numbers to a finite number of significant digits, we obtain an 
aperiodic sequence. The resulting sequence has poor statistical properties, but, as shown by 
statistical tests, an appropriate mixture of such sequences yields a statistically acceptable 
aperiodic equidistributed sequence. 
As usually, [x] and { x} denote the integer and the fractional part of the real (positive) 
number x. We use the term “a sequence (x,: n > 1) is uniformly distributed in [0, 11“” in the 
sense that # (1 4 n G N: x, E [a, b)}/N -+ Vol([a, b)) as N + cc, for all a, b E [0, llN, a G b 
coordinatewise. For k = 1 we simply write [0, 11. We say that (x,: n > 1) is uniformly distributed 
on a finite set {to, t,, . . . , t,_,} if #{l<n<N: x,=tj}/N+kwl forall j=l,2,...,k. 
2. General idea 
In [8] the following construction of an aperiodic quasi random number generator has been 
presented. 
It is well known that the sequence ({ no }, n 2 1), B irrational, is uniformly distributed in 
[0, 11. Due to the computer arithmetic, we have to confine ourselves to the numbers x E [0, 1) of 
the form x = O.a,a,. . . a,, where uj = 0, 1,. . . , M - 1 are consecutive digits with respect to the 
base M, and m 2 1 and M >, 2 are fixed integers (typically M = 2). Let al, j = 1, 2,. . . , be 
consecutive digits of { ntl}, so that {no} = 0.u~~~. . . . The sequence 2 = (z,: n > 1) with 
Z,=0.u~u;...u~ is uniformly distributed on the finite set {O.u,u,...u,: ui=O, l,..., M-l, 
j=l,2 ,.“, m}, and it is aperiodic. The former is obvious. To see the latter suppose that P is a 
period of 2 and consider the sequence V= (u,: n > 1) with u, = z,~. Of course, u, = const. But 
u, is a truncation of { nPB} to the first n digits. Hence all { nPB}, n a 1, lie in the interval 
[o.a;Pu;P.. . u;poO.. . , o.u;%;’ . . . a:‘( M - l)( M - 1). . .), which contradicts the fact that due 
to the irrationality of P8 the sequence { nP8) is uniformly distributed on [0, 11. In computer 
implementation, to get z, we need to compute exactly the m first digits of { nt9 } . For B = fi, 
where t is such that 8 is irrational, we may apply a simple and easy trick presented in [8], which 
gives us a quick generator of the sequence Z. 
3. Numerical and statistical properties of 2 
For the sequence ({ n 0 } : n 2 l), B irrational, we obviously have 
dx asN+cc 
n=l 
R. Zieliliski / Aperiodic pseudorandom number generator 207 
Table 1 
N k=l k=2 k=4 k=S k=16 
10 0.48908 0.31892 0.18537 0.09889 0.04926 
20 0.47461 0.30412 0.16969 0.08267 0.03504 
50 0.51122 0.34170 0.20567 0.11526 0.06204 
100 0.49889 0.33181 0.19731 0.10743 0.05507 
200 0.49923 0.33196 0.19798 0.10887 0.05677 
500 0.50024 0.33334 0.19967 0.11054 0.05824 
1000 0.49994 0.33322 0.19988 0.11102 0.05879 
(Exact value) 0.50000 0.33333 0.20000 0.11111 0.05882 
Table 2 
N 
10 
20 
50 
100 
200 
500 
1000 
(Exact value) 
k=l k=2 k=15 k=16 k = 49 k = 50 
0.64990 0.01786 0.02549 - 0.07201 0.28745 - 0.07514 
0.65137 0.01237 0.04783 0.01438 - 0.07211 - 0.03847 
0.64802 - 0.00440 0.02784 - 0.01075 0.01393 - 0.00825 
0.63821 0.00958 0.04794 - 0.00833 0.00502 - - 0.00771 
0.63910 - - 0.00239 0.04761 - 0.00044 0.00692 0.00354 
0.63755 - 0.00181 0.04611 - 0.00057 0.00616 - 0.00102 
0.63683 0.00023 0.04397 - 0.00050 0.01401 - 0.00073 
0.63662 0.00000 0.04244 0.00000 0.01299 0.00000 
for all Riemann-integrable functions f. The problem is: how good is the sequence Z for a given 
rounding-off constant m. An approach to assessing the numerical properties of the sequence Z 
through its discrepancy is presented in [4]. Some numerical illustrations for M = 10 and m = 5 
(truncation to 5 decimal digits), for polynomials xk, k = 1, 2, 4, 8, 16, and for functions 
sin(kTx), k = 1, 2, 15, 16, 49, 50, oscillating on the interval [0, 11, are presented in Tables 1 and 
2, respectively. 
Statistical properties of the sequence Z cause some problems. To see some faults of the 
generator with t = +, let us consider Table 3 where the first 100 terms of Z with M = 10 and 
m = 2 are presented (the numbers in Table 3 are multiplied by 100). 
Table 3 
70 71 12 82 53 24 94 65 36 07 
71 48 19 89 60 31 02 72 43 14 
84 55 26 97 67 38 09 79 50 21 
92 62 33 04 74 45 16 87 57 28 
99 69 40 11 81 52 23 94 64 35 
06 76 47 18 89 59 30 01 71 42 
13 84 54 25 96 66 37 08 79 49 
20 91 61 32 03 74 44 15 86 56 
27 98 68 39 10 81 51 22 93 63 
34 05 76 46 17 88 58 29 00 71 
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Table 4 
j i=O i=l i=2 i=3 i=4 i=5 i=6 i=7 i=8 i=9 
9 0 0 9 0 0 0 0 0 0 0 
8 0 10 0 0 0 0 0 0 0 0 
7 10 0 0 0 0 0 0 0 0 0 
6 0 0 0 0 0 0 0 0 1 9 
5 0 0 0 0 0 0 0 1 9 0 
4 0 0 0 0 0 0 1 9 0 0 
3 0 0 0 0 0 1 9 0 0 0 
2 0 0 0 0 1 9 0 0 0 0 
1 0 0 0 1 9 0 0 0 0 0 
0 0 0 1 9 0 0 0 0 0 0 
Though the sequence is not periodical, it reveals some undesired regularities. These are clearly 
seen in Table 4 where the entry (i, j) contains the number of pairs (z,, z~+~), n = 1, 2,. . . ,99, 
such that z, E [lOi, lO(i + 1)) and z,+~ E [lOj, lO(j + 1)). 
These results are hardly unexpected: it is well known that the Weyl sequences are not 
equidistributed by twos (see [3]). 
If we are interested in uniform distribution on [0, 11“ for a fixed positive integer k, then we 
can apply, e.g., a suggestion from [7] and construct the vector ({ rz&}, { &}, . . . ,{ rz&}) for 
distinct primes t,, t , . . . , t,_ 1, or a suggestion from Haber [5] concerning the vector ({ in( n + 
I)&], {Gr(n+ I)$&..,{’ ( *n n + l)iltk_l}) with the first k prime numbers t,, t,, . . . , t,_,. 
To get rid of the restriction to any specified k, we have studied another idea consisting in 
construction of the sequence R = ( rn: n > 1) which is a “pseudorandom” mixture of a number k 
of sequences ({ n,&} : n 2 l), j = 0, 1,. . . , k - 1 with the first k primes t,, t,, . . . , t,_,. The idea 
of mixing is as follows: at each step we use two consecutive numbers ((2s - l&} and {2&} 
from a given sequence ({ + } : n 2 1). The first number is translated into r,, by taking the m 
first digits to the base M; the second number is used to specify the next sequence ({ KZ,&} : n 2 1) 
to be used: j= [{2&J * k] (the pseudorandom number from the set (0, 1,. . . , k - l}, pro- 
duced by the ith sequence). The final sequence R is obviously aperiodic. The only problem is to 
find out how well is it shuttled. 
To assess statistical properties, the two following tests have been carried out: 
(1) test of descending runs, 
(2) test of the exponential distribution. 
To exactly explain the first one, in the following sequence 
638 1451873141 
we have three descending runs of the length 2,l and 4, respectively. In this approach the number 
closing a run (italic) does not open the next run, and the runs are independent (if consecutive 
numbers from the generator are independent). The empirical distribution of the length of runs 
has been compared by the &i-square test with the theoretical one. In the second test, exponential 
random numbers have been generated using the Forsythe-Von Neumann method (see, e.g., [l, 
Section 4.2]), and the &i-square test of fit has been performed. The sequence R had been 
generated until 200000 exponential numbers were obtained. These have been divided into 200 of 
consecutive thousands of numbers. All descending runs used to generate exponential numbers 
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Table 5 
k = 64 
cl = 0 1 2 3 4 5 6 7 8 9 
Test 1 21 22 20 23 16 21 22 16 22 17 
Test 2 31 25 21 17 26 20 13 24 15 8 
Table 6 
k =128 
cl = 
Test 1 
Test 2 
0 1 2 3 4 5 6 7 8 9 
24 19 27 16 24 18 21 16 16 19 
30 28 25 20 18 17 15 25 12 10 
have beed recorded. For each thousand the critical levels (probabilities of exceeding the observed 
values) of both tests have been calculated; critical levels should be distributed uniformly on 
[0, 11. The results are presented in Tables 5 and 6, where cl =j means that the critical level 
belongs to the interval [O.lj, O.l(j + 1)). 
Calculating (once again) the cl&square statistics of goodness-of-fit, now for the data in the 
rows in Tables 5 and 6, we obtain the critical levels 0.956 and 0.658 for Test 1, and 0.011 and 
0.014 for Test 2. Such preliminary results seem to be encouraging. The results for Test 2 are “too 
good”: small values of the &i-square statistic prevail. 
4. General remarks 
The generator Z based on a rounding-off of the sequence ({ n 8 } : n >, 1) can be considered as 
a perturbation of the congruential generator 
xr = c, x ,,+r = x, + c (mod l), 
where c is the truncation of e to m digits to the base M. This generator has bad statistical 
properties, as pointed out above. For some theoretical remarks, see [2]. One might expect that a 
suitable perturbation of the congruential multiplicative generator, which can be considered as a 
finite-digit version of the sequence ({ at)“}: n 2 1), would perform statistically better. 
Another way is (as was raised up in the discussion after presenting this paper with M. Drmota, 
H. Niederreiter and R.F. Tichy) to construct Z as a rounding-off of the consecutive numbers of 
a completely uniformly distributed sequence rather than ({ no}: n >, 1); the resulting sequence 
would be automatically aperiodic and it would have good statistical properties. However, the 
problem of computer implementation of this idea is still open. 
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